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In the conventional bifurcation and strain localization analyses of geomaterials, the inertia forces are generally ignored, based on the quasi-
static equilibrium equation. Even though a great deal of literature exists on dynamic strain localization analyses, information on acceleration
generation during the formation of shear bands has not been emphasized. Inspired by the acoustic emission phenomenon in laboratory tests and
the seismic acceleration related to the slippage of faults, a dynamic soil–water coupled strain localization analysis is performed in the present
paper on a saturated rectangular clay specimen subjected to constant cell pressure under plane strain conditions, employing the SYS Cam–clay
model as the elasto-plastic constitutive model for the soil skeleton. An initial geometrical imperfection was introduced to the specimen to trigger
one single shear band, and the following results were found: (1) Two types of oscillation occurred within the specimen during acceleration when
the specimen was subjected to compression deformation at a constant rate, namely, (a) one caused by the sudden external compression and (b) the
second induced by the formation of strain localization/a shear band. With the occurrence of the shear band, if, for example, the vertical rate was
equivalent to about 10 cm/s, the accelerations that occurred within the specimen were in the order of several thousand gal, which is similar to
those measured during earthquakes; (2) The effects of the time increment, the mesh division, the initial conﬁning pressure, the OCR and the
stress-control loading on the generated acceleration in (b) were investigated in detail. It was found that under stress control, even though the
formation of the shear band was similar to that under displacement control, the induced acceleration behaved quite differently.
& 2013 The Japanese Geotechnical Society. Production and hosting by Elsevier B.V. All rights reserved.
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Strain localization, or the diffuse bifurcation mode, was
predominantly investigated based on the mathematical3 The Japanese Geotechnical Society. Production and hosting by
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der responsibility of The Japanese Geotechnical Society.bifurcation condition for the initiation of shear bands in soils
proposed by Rice (1973) to predict the time of the occurrence
and the direction of shear bands (Rudnicki and Rice, 1975;
Hill and Hutchinson, 1975; Rice, 1976; Szabó, 1994;
Khojastehpour and Hashiguchi, 2004; Lu et al., 2011).
Abundant quasi-static numerical analyses (Yatomi et al.,
1989a, 1989b; Ikeda et al., 2003; Kimoto et al., 2004;
Kodaka et al., 2007) have been carried out where the inertia
forces are disregarded. Asaoka and Noda (1995) conducted a
quasi-static analysis of the strain localization in plane strain
compression tests by introducing an initial geometrical imper-
fection and showed the signiﬁcance of pore water migration onElsevier B.V. All rights reserved.
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etc. Also, in Noda et al. (2007), the authors carried out a quasi-
static soil–water coupled analysis for the bearing capacity
problems of foundations and found that there were differences
in the appearance of the slip lines and the corresponding swelling
band and compaction band on the slip lines depending on the
loading rate. Among the few publications related to dynamic
strain localization analyses, Loret and Prévost (1991) employed
the theory of mixtures for the ﬂuid-saturated medium and the
viscoplastic constitutive model for the solid skeleton to investi-
gate the effect of mesh sensitivity, permeability and the specimen
aspect ratio during shear band development; Zhang et al. (2001)
carried out a dynamic strain localization focusing on the
performance of a constitutive model that can deal with both fully
and partially saturated sand. Both of them gave a close view of
the inﬂuence of various factors, such as the constitutive model
and the interaction between the soil skeleton and the pore water,
upon the patterns of the shear band; however, they ignored
information on acceleration during shear band formation. Mean-
while, aiming at the progressive failure of a shear band, an
analysis based on fracture mechanics was utilized. Puzrin and
Germanovich (2005) and Puzrin et al. (2010) took the process of
shear band development into consideration and predicted the
velocity of the acceleration of the block located at the upper side
of the shear band through force equilibrium and energy con-
servation when the relative movement between the two sides of
the shear band became possible, whereas such acceleration was
calculated on a macro-scale to clarify the height of a tsunami for
which there was no consideration given to the acceleration
oscillation/generation during the progression of the shear band.
On the other hand, the results of laboratory acoustic emission
(AE) triaxial tests on rock specimens (Fôrtin et al., 2006; Benson
et al., 2007; Yoon et al., 2012) have shown that the events of AE
are mainly located along the shear band inside the specimen.
Moreover, it is generally thought that seismic waves are generated
due to the movement of the fault, which can be regarded as a
tremendous shear band, and then they propagate around. The
experimental and experiential results reveal to us that there should
be some intense variations during the formation of shear bands.
Up to now, even though the acceleration history, such as
input seismic motions, has been applied to specimens or
foundations, the generation of acceleration as the soil or the
foundation itself deforms is not emphasized. In this paper, the
main objectives are to treat the fault slippage as the formation
of a shear band in the laboratory scale and to study strain
localization problems for a rectangular specimen when the
inertia forces are taken into consideration by integrating the
equation of motion. The dynamic soil–water coupled ﬁnite
deformation analysis code (Asaoka and Noda, 2007; Noda
et al., 2008) that incorporates the SYS Cam–clay mode
(Asaoka et al., 2000, 2002) is employed to carry out a dynamic
strain localization investigation. The analysis code is formu-
lated based on a up formulation and the rate type of equation
of motion, including the jerk term, is used to employ the
incremental constitutive equation and to take the updated
Lagrangian scheme into account, details of which can be seen
in Appendices 1 and 2. The emphasis is placed on thegeneration of acceleration during the localized deformation,
which is different from the conventionally “quasi-static”
analysis that ignores the inertia term or the dynamic analysis
that ignores the details of acceleration generation.
Three types of analyses were implemented in the main part
of the paper on a plane strain rectangular specimen with
constant cell pressure and undrained boundaries. Saturated and
fully remolded overconsolidated clay was employed and the
gravity force was disregarded in the analysis.(1) In order to trigger one single shear band, vertical and
lateral asymmetric geometrical imperfections were intro-
duced into side surfaces of the rectangular specimen in
accordance with Asaoka and Noda (1995). A constant
vertical loading rate was applied to both top and bottom
ends by displacement control. Consequently, even though
the loading method was symmetrical in the vertical
direction, the lateral symmetry broke down signiﬁcantly
inside the specimen leading to a remarkable trigger of the
strain localization/shear band. It was also found that
accelerations were generated from the shear band and then
transmitted through the specimen.(2) In comparison to the ﬁrst results, the effects of the time
increment, the mesh size, an initial conﬁning pressure with the
same overconsolidation ratio as that prior to loading
and an overconsolidation ratio with the same conﬁning pressure
as that prior to loading were investigated in further detail.(3) Finally, calculations were carried out by changing from
vertical displacement control to stress control. The differ-
ences in the generation of accelerations, associated with
strain localization, were also investigated.2. Calculation conditions
The ﬁnite element mesh and the boundary conditions are
shown in Fig. 1. A constant cell pressure is employed and
frictionless top and bottom ends, without horizontal con-
straints, are presented. In a quasi-static analysis that ignores
the inertia term from the governing equation stage, if this
boundary condition is applied, there is normally an inﬁnite
number of solutions for movement in the horizontal direction;
consequently, it is impossible to obtain a solution. The
rectangular specimen, with a width of 3.5 cm and a height of
8.0 cm and in an isotropically consolidated state, is presented
under plane strain conditions with an initial geometrical
imperfection. As for the geometrical imperfection, a half
cosine wave (primary mode) with amplitude of 10-5 cm is
applied to the side surface of the specimen (Asaoka and Noda,
1995). In the quasi-static analysis, as in Asaoka and Noda
(1995), the shape induced by this initial imperfection consisted
of the primary mode accompanied by a reduction in load
(“imperfection-sensitive bifurcation behavior”). Here, the cal-
culation is carried out for loading applied in such a way that
the vertical rate of a constant value of 5.0 cm/s at both the top
and the bottom in the compression direction is used. As the
T. Noda et al. / Soils and Foundations 53 (2013) 653–670 655initial values, the velocity, the acceleration, the jerk and the
pore water pressure are all set to zero. Note that the analysis
code here needs jerk because the 3rd ordinary differential
equation is solved (Noda et al., 2008). In total, there are 11,200
elements and 11,431 nodes with a division of 70 horizontal
elements and 160 vertical elements, unless noted otherwise.
The effects of mesh sensitivity will be discussed in Section 4.1.
The test specimen is assumed to be saturated and fully
remolded overconsolidated clay. In the SYS Cam–clay model
(Asaoka et al., 2000), which is the elasto-plastic constitutive
equation for the soil skeleton, the degree of structure of the soil
skeleton, Rn, is Rn¼1.0, and it is assumed that there is no
effect from the initial anisotropy or the induced anisotropy
(ς¼0, br¼0). Table 1 shows the material constants and the
group of elastoplastic parameters used in the analysis. The
material can be considered to have been remolded and
normally consolidated clay that is isotropically consolidated
to 1471.5 kPa and isotropically unloaded to 294.3 kPa. The
elasto-plastic parameters have the same values as in Asaoka
and Noda (1995), except for parameter m, which governs the
loss of overconsolidation due to the progression of plasticTable 1
Elasto-plastic parameters and initial values for the specimen.
Elastoplastic parameters
Critical state index M 1.55
NCL intercept N 2.0
Compression index ~λ 0.108
Swelling index ~κ 0.025
Poisson's ratio ν 0.3
Evolution parameters
Degradation index of OC m 0.2
Fig. 1. Finite element mesh and boundary conditions.deformation. However, since the original Cam–clay model
(Schoﬁeld and Wroth, 1968) was used as the constitutive
equation for the soil skeleton in the previous paper and the
modiﬁed Cam–clay model (Roscoe and Burland, 1968) is used
as the constitutive equation in the current paper, it is not
possible to directly compare the mechanical behavior.3. Calculation results
In this section, the calculation results, including “imperfection-
sensitive bifurcation behavior” and the generation of acceleration
during shear band formation, will be presented. Compared with
the bifurcation behavior derived from a quasi-static analysis in
Asaoka and Noda (1995), slight differences can be seen due to
the inﬂuence of the inertia term. In addition, a new ﬁnding,
whereby two types of accelerations are generated in the analysis,
is specially presented to state the difference between “quasi-
static” and dynamic strain localization problems.3.1. Imperfection-sensitive bifurcation behavior
Fig. 2 shows the apparent behavior when the whole speci-
men is viewed as one mass, including the deviator stress–axial
strain (qεa) relationship, the deviator stress-mean effective
stress (qp′) relationship (i.e., the effective stress path), the
pore water pressure-axial strain (uεa) relationship and the
speciﬁc volume-mean effective stress (vp′) relationship.
In the following, unless stated otherwise, q is the vertical load
on the specimen divided by the current cross-sectional area
minus the constant cell pressure, which is described in detail in
Appendix 3, εa is the vertical displacement of the top end
divided by the initial height of the specimen and u is the mean
value of the pore water pressure in the center of each element
located at the top end. In this averaging process, the values are
weighted in accordance with the length of the side on the top
of each element at the top end. NCL and CSL in Fig. 2
represent the normal consolidation line and the critical state
line, respectively. Fig. 3 shows the shear strain distribution in
the specimen. Here, shear strain εs is represented using
deformation gradient tensor F of the soil skeleton as εs ¼ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2=2e′Ue′
p
; e′ ¼ eð1=3ÞðtreÞI and e¼ 1=2fIðFFT Þ1g,
where I is the unit tensor. The distribution of shear strain at
εa¼10%, 12.5% and 15% is individually shown in Fig. 4 with
an enlarged color legend. As can be seen, the specimenInitial conditions
Speciﬁc volume v0 1.747
Stress ratio η0 0.0
Degree of structure 1/R0
* 1.0
Degree of overconsolidation 1/R0 5.0
Degree of anisotropy ς0 0.0
Soil particle density ρs (g/cm
3) 2.65
Coefﬁcient of permeability k (cm/s) 3.7 108
q = p
Fig. 2. Apparent behavior of specimen with initial imperfection.
Fig. 3. Distribution of shear strain of specimen with initial imperfection.
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εa is about 10%. Thereafter, the symmetry breaks down, but
the deformation maintains point symmetry with respect to the
center of the specimen. A single shear band has already
appeared from an axial strain of 10% and gradually develops
as the axial displacement continues. In association with this
deformation, q deviates from the “perfect path” which repre-
sents the constitutive response under a uniform ﬁnite deforma-
tion ﬁeld, emerging relaxed magnitudes, because the
eigenvalue of the primary mode changes from positive to
negative. In other words, the tangential stiffness of the soil
skeleton corresponding to the mode changes from positive to
negative (Asaoka and Noda, 1995). In addition, a small and
unobvious vibration can be observed in the initial stage of the
effective stress path in Fig. 2, marked by a circle, which is
actually due to the vibration in deviator stress q if the effective
stress path is enlarged. According to the calculation of q in
Appendix 3, there is an item related to the acceleration. When
the loading rate is slow, the ﬁrst term on the right side of Eq.
(A3-2) usually becomes much more predominant than the
second term, that is, the inertial term. However, as the loading
rate increases, the role that the inertial term plays in the
equivalent nodal force becomes more signiﬁcant and, if there
are dramatic oscillations of acceleration, deviator stress q will
also oscillate correspondingly. As will be shown in the
following, signiﬁcant accelerations are induced because of
the sudden loading from the initial state, which has a
considerable impact on deviator stress q and results in the
initial vibration.3.2. Generation of acceleration associated with strain
localization
Figs. 5 and 6 indicate the distribution of horizontal and
vertical components of the generated accelerations, respec-
tively. The acceleration distribution displays lateral and
vertical symmetry for εa up to about 10%, which is due to
the generated acceleration by compression from the top and
bottom ends. Subsequently, after the vertical symmetry breaks
down, the specimen deforms while maintaining point symme-
try relative to the center of the specimen, and strain localiza-
tion/a shear band gradually develops, during which signiﬁcant
acceleration waves are induced. As can be seen in Figs. 3 and
4, such localized deformation may be regarded as a “reverse
fault”, where relative compressive slippage on the fault plane
is observed. Fig. 7 presents (i) the horizontal component and
(ii) the vertical component of the generated accelerations at
nodes A, B, and C of the specimen, as shown in Fig. 1, where
nodes A, B and C are delicately chosen so that node A is
10% 12.5% 15%
Fig. 4. Distribution of shear strain using enlarged color legend.
5% 10% 15% 20%
Fig. 5. Distribution of acceleration (gal) in horizontal direction accompanying
strain localization.
5% 10% 15% 20%
Fig. 6. Distribution of acceleration (gal) in vertical direction accompanying
strain localization.
Fig. 7. (i) Horizontal and (ii) vertical components of generated acc
T. Noda et al. / Soils and Foundations 53 (2013) 653–670 657located on the symmetric axis of the horizontal direction and
nodes B and C are located on the symmetric axis of the vertical
direction. To make the results easily understood, Fig. 8
presents the horizontal and the vertical components of the
generated accelerations at nodes A, B and C when the soil
specimen has no initial geometrical imperfection. The corre-
sponding distribution of shear strain is shown in Fig. 9. As can
be seen, when the specimen deforms symmetrically in both
vertical and horizontal directions, the horizontal component of
the accelerations at node A and the vertical component of the
accelerations at nodes B and C are always zero. While for the
vertical component at node A and the horizontal component at
nodes B and C, initially the sudden vertical displacement from
both top and bottom results in signiﬁcant oscillation of the
acceleration, and hereafter, such acceleration is called impact-
induced acceleration. As the elastoplastic deformation devel-
ops, the impact-induced acceleration attenuates and gradually
becomes zero. The same tendency can also be seen in (i-B),
(i-C) and (ii-A) in Fig. 7. However, the horizontal component at
node A and the vertical component at nodes B and C in (i-A),
(ii-B) and (ii-C) in Fig. 7 maintain a value of zero up to 0.08 s
after the start of loading, in other words, until εa is about 10%,
and thereafter, new accelerations are generated in association
with the initiation of strain localization. The maximum magni-
tudes of the horizontal and vertical components are slightly less
than 2000 gal, which is of the same order of magnitude as most
of the earthquakes observed near the ground surface (Goto and
Morikawa, 2012; Unjoh et al., 2012) and a very encouraging
result for the dynamic strain localization analysis. After reach-
ing their maximum values, the acceleration at each nodeelerations at designated nodes for specimen with imperfection.
Fig. 8. (i) Horizontal and (ii) vertical components of generated accelerations at designated nodes for specimen without imperfection.
Fig. 9. Distribution of shear strain of specimen without imperfection.
T. Noda et al. / Soils and Foundations 53 (2013) 653–670658gradually converges to zero with the progress of the axial
strain. In addition, when looking into the acceleration of the
specimen without imperfection in (i-C) and (ii-A) in Fig. 8, new
oscillation of the acceleration can be observed after 0.16 s; it
just corresponds to the initiation of localized deformation at an
axial strain of 20% in Fig. 9, which once again provides clear
evidence for the acceleration generation accompanying the
strain localization.
Figs. 10 and 11 illustrate the behavior of an element (m in
Fig. 1) within the shear band (in the center of the specimen)
and an element (n in Fig. 1) located slightly away from the
shear band, respectively. Here, shear strain εs is deﬁned as in
Section 3.1, and p′ and q are given by p′¼1/3trT′ and
q¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3=2SUS
p
(S¼T′p′I), respectively, where T′ is the
Cauchy effective stress tensor (tension positive). From these
ﬁgures, it can be seen that within the shear band, shear strain
continuously increases while remaining undrained, but at
positions slightly away from the shear band, the shear strain
decreases and unloading occurs.
Fig. 12 illustrates the Fourier amplitude of the horizontal
component of the generated accelerations at node C up to0.24 s (εa¼30%) and 0.08 s (εa¼10%) until the impact-
induced accelerations are predominant, as marked in Fig. 7(i-
C). Although it is difﬁcult to distinguish those two types of
accelerations from one another in Fig. 7(i-C), Fig. 12 indicates
that the new accelerations in the horizontal direction are
generated due to strain localization and that the predominant
period of the localization-induced acceleration wave is larger
than that of the impact-induced acceleration. In view of the
boundary conditions in the horizontal and vertical directions, it
is necessary to take the wave reﬂection into consideration. It
should be stressed that intuitive estimates, instead of rigorous
derivations, are made in the following calculation. When a
sufﬁciently heavy OCR is considered, non-linear isotropic
Hooke's law can be assumed for the elastic deformation of the
soil skeleton (Asaoka et al., 2002) even though we use
unconventional plasticity which considers the elasto-plasticity
within the yield locus by introducing a subloading surface
(Hashiguchi, 1978, 1989). Bulk modulus ~K and shear modulus
~G are acquired from the following equation:
~K ¼ Jð1þe0Þ
~κ
p′; ~G ¼ 3ð12νÞ
2ð1þνÞ
~K ð1Þ
where e0, p′ and ν are the initial void ratio, the mean effective
stress and Poisson's ratio, respectively, and J=(1þe)/(1þe0),
where e is the void ratio at time t=t. J=1 due to the almost
element-wise undrained condition. Let us consider the wave
reﬂection based on the shear wave velocity, where vs ¼ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
~G=ρ
q
≑70 m=s (ρ: density of the two-phase mixture). The
Fig. 10. Element-wise behavior inside shear band (m).
Fig. 11. Element-wise behavior outside shear band (n).
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T. Noda et al. / Soils and Foundations 53 (2013) 653–670660minimum time when considering wave reﬂection tmin is
determined by
tmin ¼
Dr
vs
ð2Þ
where Dr is the shortest distance for the wave reﬂection. At the
top and bottom boundaries, the lateral direction is free and the
vertical direction is ﬁxed, while the sides are bounded by a
constant cell pressure. Thus, Dr is 2W in the horizontal
direction with a width of W=3.5 cm and a distance of
Dr=2H in the vertical direction with a height of H=8.0 cm.
Meanwhile, the two-dimensional propagation of the waves
further lessens the precision of such a simpliﬁed calculation.
Therefore, the minimum time tmin is around 0.001 s in the
horizontal direction and 0.0023 s in the vertical direction. For
waves up to 0.08 s in Fig. 12, the waves with a period of less
than 0.001 s consist of only the impact-induced accelerations,
while the waves with a period of more than 0.001 s consist of
the impact-induced accelerations and their reﬂections. Analo-
gically, since the range in the period of localization-induced
accelerations in Fig. 12 is larger than 0.001 s, we cannot
distinguish the acceleration wave due to strain localization from
its reﬂection wave. In other words, the observed waves during
strain localization actually consist of localization-induced
accelerations and their reﬂections. Further study is required if
we wish to be able to distinguish one from the other.
Fig. 13 shows the Fourier amplitude of the vertical compo-
nent of the generated accelerations at node C up to εa¼30%
from time points P and Q. Time point P in Fig. 7(ii-C)
represents the initiation of the acceleration generation, where
the symmetric deformation begins to lose and a single shear
band gradually emerges, as shown in Fig. 4. Until time point Q,
which is about 0.02 s later, the wave between P and Q behaves
quite differently from the following ones and shows a relativelyFig. 12. Fourier amplitude of horizontal component of generated accelerations
at node C with different time ranges.
Fig. 13. Fourier amplitude of vertical component of generated accelerations at
node C.longer time interval. From Fig. 13, it can be seen that the wave
with a period of around 5.0 10-3 s is predominant in the
generated accelerations; it is independent of points P and Q. In
addition, waves from P contain more components of the long
period of about 0.1 s, which is close to the period of observed
seismic waves. However, these long-period components actu-
ally come from the ﬁrst one-fourth wave between P and Q
whose period is about 0.02 4¼0.08 s. In order to avoid any
misunderstanding, therefore, the Fourier amplitude determined
from time point Q is used in the following spectrum analysis. It
should be re-emphasized that the waves with a period longer
than tmin¼0.0023 s, as determined by Eq. (2), consist of not
only the localization-induced accelerations, but also their
reﬂections, which will be mentioned in Sections 4.2 and 4.3.
4. Discussion
In this section, (1) the effects of the time increment and the
mesh length of the element used in the calculations, (2) the
effect of the effective conﬁning pressure, (3) the effect of the
overconsolidation ratio of the specimens and (4) a comparison
of displacement control and stress control are discussed. In the
computed examples, the loading pattern and the initial
geometrical imperfection remain the same, as in the previous
section. Also, when the calculations are conducted under
displacement control, a constant vertical rate of 5.0 cm/s in
the compression direction is prescribed at the top and bottom
ends of the specimen, like in the previous section.
4.1. Effects of time increment and mesh length
For the wave propagation analysis using FEM, the CFL
condition (Thomas, 1995) of Eq. (3) is necessary for the
explicit time integration, namely,
C¼ vs UΔt
Δx
þ vs UΔt
Δy
rCmax ð3Þ
where C is the Courant number, vs, Δt, Δx and Δy are the shear
wave velocity, the time increment and the mesh lengths in the
horizontal and vertical directions, respectively, and Cmax, the
maximum tolerance, is usually 1 for an explicit scheme. In the
calculations described above, a ﬁnite element mesh with 70
horizontal elements and 160 vertical elements is employed; in
other words, the mesh length is 0.05 cm. Time increment Δt is
always taken to be 4.0 105 s and vs is taken as 70 m/s,
according to Eq. (1). Consequently, Courant number C in the
calculation is 11.2, which is obviously unacceptable for the
explicit scheme. Due to the implicit time integration employed
in this calculation, however, it is not necessary to satisfy the
CFL condition, as shown in Fig. 14. It is easy to see that there
is not much difference in the predominant period between
Δt¼4.0 105 s and Δt¼0.2 105 s, which satisﬁes the
CFL condition (C¼0.56). Meanwhile, as the time increment
decreases, the calculation points per wave period increase and
the waves with high frequency can be accurately represented.
The mesh length, which is always related to the minimum
wave length, is another important factor in the wave analysis.
T. Noda et al. / Soils and Foundations 53 (2013) 653–670 661When Δt¼4.0 105 s and vs≑70 m=s, considering the
minimum period Tmin¼4Δt, the minimum wave length is
around 1.12 cm. As suggested by Moser et al. (1999), the mesh
length should be not more than one-twentieth the minimum
wave length, namely, 0.056 cm, to precisely represent the
high-frequency waves. Four types of mesh division, includingt
t
Fig. 14. Inﬂuence of time increment on Fourier amplitude of vertical
component of generated accelerations at node C.
Fig. 15. Shear strain distribution at 15% under various mesh sizes.
Fig. 16. Vertical component of generated accele(i) 20 40, (ii) 35 70, (iii) 70 160 and (iv) 140 320, in
horizontal and vertical directions, respectively, which corre-
spond to mesh lengths of 0.2 cm, 0.11 cm, 0.05 cm and
0.025 cm, are adopted. The condition in (iii) represents the
current division used in the previous calculations. The dis-
tribution of shear strain within the specimen at εa¼15% is
shown in Fig. 15, where no remarkable differences can be
seen. Figs. 16 and 17 show a comparison of the vertical
acceleration component generated at node C and the corre-
sponding Fourier amplitude, which is obtained until εa=30%
(0.24 s), respectively. As can be seen, the predominant
acceleration generated is near the region of 5.0 103 s and
presents independence of the mesh size, although a difference
can be seen in the short-period components equal to or less
than 2.0 103 s as the mesh becomes ﬁner. The short-period
waves with shorter wavelengths can be captured and precisely
represented in the calculation as the mesh division becomes
ﬁner.
4.2. Effect of initial effective conﬁning pressure
The calculations are carried out for the same vertical
displacement loading as above for the various conﬁning
pressures (cell pressures) with the same overconsolidation
ratio. As can be seen from Eq. (1), a larger mean effective
stress p′ results in a larger shear modulus ~G, which means that
the stiffness of the specimen is greater. Here, the calculation isrations at node C under various mesh sizes.
T. Noda et al. / Soils and Foundations 53 (2013) 653–670662implemented after applying the same geometric imperfection as
above with initial effective conﬁning pressures of 29.43 kPa,
294.3 kPa, 981.0 kPa and 1962.0 kPa. Note that the consolidation
pressure and the void ratio vary depending on the initial effective
conﬁning pressure. In addition, the mesh division and the time
increment are exactly the same as those in Section 3.1. The ﬁgures
have been omitted, but in all cases, the shear strain distribution is
displayed in the same way as that in Figs. 3 and 15. Figs. 18, 19
and 20 present the apparent qεa relationship, the vertical
component of accelerations generated at node C and a comparison
of the Fourier amplitudes, respectively, for each case. As the initial
conﬁning pressure increases, the deviation magnitude of the
deviator stress from the “perfect path” becomes greater in
Fig. 18, which results in a larger amplitude of acceleration.
Meanwhile, shear wave velocity vs also increases as the stiffnessFig. 17. Inﬂuence of mesh size on Fourier amplitude of vertical component of
generated accelerations at node C.
Fig. 18. Apparent deviator stress–axial strof the specimen becomes greater, which results in an increase in
the frequencies of the reﬂection waves. As mentioned in Section
3.2, the localization-induced accelerations contain not only the
waves themselves, but also their reﬂection waves. Consequently,
the frequencies, including the predominant frequency, become
greater due to the inﬂuence of the reﬂection waves. Some literature
(e.g., Jiang et al., 2000) has mentioned a similar phenomenon
whereby larger conﬁning pressures resulted in dramatic acoustic
signals related to the acoustic emission behavior of rocks in triaxial
tests under different conﬁning pressures.
4.3. Effect of overconsolidation ratio
The value of the overconsolidation ratio (OCR) before the start
of loading varies, while the cell pressure is maintained at 294.3 kPa
and calculations are carried out for the same vertical displacement
loading as above. The OCR, simply stated, represents the degree of
density. The larger the OCR is, the denser the soil specimen is,
which also has a great inﬂuence on the stiffness of the specimen.
Here, in addition to the calculation for OCR¼5 that was assigned,
the calculation is conducted after applying the same initial
geometric imperfection with OCR¼1 and OCR¼50. Note that
the consolidation pressure and the void ratio before the start of
loading vary depending on the overconsolidation ratio. And, the
mesh division and the time increment are also exactly the same as
those in Section 3.1. Fig. 21 presents the apparent qεa relation-
ship for each of the three cases from which it can be seen that theain under various conﬁning pressures.
Fig. 19. Vertical component of generated accelerations at node C under various conﬁning pressures.
p
p
p
p
Fig. 20. Inﬂuence of initial conﬁning pressure p′ on Fourier amplitude of
vertical component of generated accelerations at node C.
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The smaller the OCR is, the earlier the deviation from the “perfect
path” appears. The distribution of shear strain that corresponds to
the initiation of clear deviation from the “perfect path” in the qεa
relationship is shown in Fig. 22. As can be seen, the formation of
strain localization occurs much earlier and is more evident in the
normally consolidated clay than in the heavily overconsolidated
clay. The vertical component of the accelerations generated at node
C and a comparison of the Fourier amplitude are shown in Figs. 23
and 24, respectively. Due to the larger stiffness of the specimen
with the greater OCR, the localization-induced acceleration waves
consist of more higher-frequency components, the reason for
which is similar to that for the effect of the initial effectiveconﬁning pressure. However, the magnitude of acceleration
becomes the largest when OCR=1, which may be ascribed to
the remarkable shear band at the early stage of OCR=1 and still
remains to be investigated.
4.4. Comparison with loading/stress control
The calculations carried out so far have shown different
solutions under displacement control. Here, calculation results
are presented for the case in which displacement control is
changed to stress control, under which the formation rate of the
strain localization is different from that under displacement
control. In the calculations, rigid, frictionless pedestal condi-
tions are assumed, constraint conditions are applied to the
nodes so that the top end remains horizontal constantly, and a
constant loading rate of 0.35 kN/s (equivalent to 10 kPa/s) is
applied at the center of the top surface. The constraint
conditions are based on Lagrange's method of undetermined
multipliers; for details, refer to Asaoka et al. (1998) and Noda
et al. (2008).
Fig. 25 indicates the apparent qεa relationship, while Fig. 26
shows the progress in the shear strain distribution. Vertical and
lateral symmetry in the specimen breaks down before εa reaches
about 10%, and the apparent q grows smaller even though the
loading gradually increases because of area compensation of the
Fig. 21. Behavior of deviator stress–axial strain under various OCRs.
Fig. 22. Distribution of shear strain corresponding to deviation point for
(a) OCR¼1, εa¼4%, (b) OCR¼5, εa¼14%, and (c) OCR¼50, εa¼20%.
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be seen in Appendix 3. (The ﬁgure is omitted; however, if plotted
without the cross-section compensation, the vertical displacement
eventually increases greatly following a constant q) Fig. 27 shows
the horizontal and vertical components of the accelerations at nodes
A, B and C from 3.8 s after the start of loading. In the calculation
at such a stress rate, there is almost no generation of acceleration
within the specimen from the initial stage of loading with an
increasing axial strain. Thereafter, a shear band is generated as the
axial strain progresses, and a maximum acceleration in the vertical
direction of about 30,000 gal is generated at node C. The Fourier
amplitude of this acceleration component is obtained based on the
wave from the start of the generation of acceleration up to 3.9 s. As
shown in Fig. 28, longer-period components of 1.3 103 s and
greater are predominant. If the formation rate of the shear band
under displacement control can be regarded as constant, the
formation rate of the shear band under stress control would be
accelerative, which results in the greater predominant frequency
and the larger Fourier amplitude seen in Fig. 28. Although the
generation of the shear band is similar to that in the displacement
control, a signiﬁcant difference in the wave propagation character-
istics can be observed depending on the loading conditions, which
requires further study.
5. Conclusions
In this paper, a dynamic strain localization analysis was
carried out on a saturated rectangular specimen under plane
strain conditions and constant cell pressure by taking the
inertia forces into consideration. Differently from other quasi-
static calculations or dynamic analyses, the generation of
accelerations was speciﬁcally emphasized during the formationof the shear band. Several calculation results based on the
displacement-control method and the stress-control method
were presented to demonstrate the generated acceleration and
its Fourier amplitude. The effects of the time increment, the
mesh division, the initial effective conﬁning pressure, the
overconsolidation ratio and the loading method on the induced
acceleration were discussed. The main conclusions are as
follows:(1) Firstly, a small asymmetric geometric imperfection (cosine
half wave length: primary mode) was introduced to the
side surface of the rectangular specimen to trigger one
single shear band. Under the vertical displacement control
tests, vertically symmetric velocities were applied to the
top and bottom ends in the compression direction. Sig-
niﬁcant oscillations of acceleration, impact-induced accel-
erations, were observed initially due to the sudden
compression loading on the specimen. As the axial strain
progressed, the lateral symmetry of the specimen signiﬁ-
cantly broke down, and strain localization/a shear band
clearly occurred. Also, in association with the formation of
a shear band, it was shown that when the vertical rate
applied from the top and bottom ends was 5 cm/s for each,
acceleration waves resulting from the localized deforma-
tion were newly generated and propagated inside the
specimen with a predominant period of about 5.0 103
s and a maximum amplitude of about 2000 gal, which is of
the same order as most of the earthquakes observed near
the ground surface. Meanwhile, the inﬂuence of the
reﬂections of both impact-induced waves and localization-
induced waves was also investigated. In order to distin-
guish the localization-induced waves from their reﬂections,
further study would be required.(2) The effects of the time increment and the mesh length used
in the calculation were investigated in comparison to the
ﬁrst calculation results. Due to the implicit time integration
scheme, it is conﬁrmed that the CFL condition is not
necessary for numerical stability. When a smaller time
increment was used, the highest frequency that is able to be
expressed was greatly raised and acceleration waves with
high-frequency were easily captured, but the predominant
period did not vary. As for the mesh division, the same
tendency was found, namely, the ﬁner the mesh division,
Fig. 25. Behavior of deviator stress–axial strain under stress control.
Fig. 26. Shear strain distribution of specimen with initial imperfection under
stress control.
Fig. 24. Inﬂuence of OCR on Fourier amplitude of vertical component of
generated accelerations at node C.
Fig. 23. Vertical component of generated accelerations at node C under various OCRs.
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waves with short-periods equal to or less than about
2.0 103 s became more numerous, but for components
with periods longer than that, it was found that the Fourier
amplitude characteristics were actually the same.(3) For specimens with the same overconsolidation ratio
before the start of loading, but different initial effectiveconﬁning pressures, the larger deviation of the deviator
stress from the “perfect path” resulted in a larger amplitude
of accelerations when the effective conﬁning pressure
increased. Meanwhile, the larger the initial effective
conﬁning pressure was, the stiffer the specimen was.
Accordingly, the shear wave velocity increased, which
brought about an evident increase in the frequencies of the
part that was related to the reﬂections of the localization-
induced acceleration waves.(4) For specimens with different overconsolidation ratios, but
the same effective conﬁning pressure, the stiffness of the
specimen also increased as the OCR became larger. There-
fore, the frequencies, including the predominant frequency
of the generated acceleration waves, became higher, as
explained in conclusion 3. However, due to the different
imperfection-sensitive bifurcation behaviors of the speci-
men with various OCRs, the acceleration magnitude
seemed to be larger when the localized deformation was
more evident, which remains to be further investigated.(5) For rectangular specimens with the same geometrical imper-
fection as that in the ﬁrst calculation, the loading was changed
from displacement control to stress control. The apparent axial
deviator stress with cross-section compensation exhibited a
peak with an increase in axial strain and then decreased.
Although the formation of the shear band within the specimen
was similar to that under displacement control, the evolutional
rate of the shear band was quite different. Therefore, the
generated accelerations behaved very differently, and waves
with a predominant shorter period of 1.3 103 s or more
and larger Fourier amplitude were generated.Finally, in this paper, dynamic strain localization analyses
employing clay specimens were carried out from the viewpoint
of the generation of acceleration/seismic waves during the
formation of strain localization. Here, acceleration waves are
“actively” generated inside the analysis domain, which is
different from the usual dynamic computations, such as
liquefaction analyses where the acceleration waves are “pas-
sively” prescribed. It would provide a new aspect to interpret
the formation of faults and the mechanism of the earthquake.
Fig. 28. Fourier amplitude of vertical component of generated accelerations at
node C.
Fig. 27. (i) Horizontal and (ii) vertical components of generated accelerations at designated nodes.
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Appendix 1. Dynamic soil–water coupled analysis based on
up formulation and rate-type equation of motion
including jerk term
In the analysis code, called GEOASIA, the two-phase mixture
theory is employed based on the up formulation for saturated
soils, which assumes that the relative acceleration of the pore
water, with respect to the soil skeleton is sufﬁciently smaller than
the acceleration of the soil skeleton. In addition, a ﬁnite
deformation analysis is carried out based on the updated
Lagrangian method, which allows for changes in the geometric
shape of the soil under analysis to be taken into account. Soilparticles are assumed to be incompressible and, for the sake of
simplicity, the pore water is also assumed to be incompressible.(a) Rate-type equation of motion for saturated soils based on
the up formulation
Since the constitutive equation for a soil skeleton is a
rate-type equation and the updated Lagrangian scheme is
adopted, the following rate-type of equation of motion for
saturated soils can be obtained:
ρ€vsþρf ðtrDsÞð_vsbÞ ¼ div _St; _St ¼ _TþðtrDsÞTTLTs
ðA1 1Þ
in which “U” and “U U” represent the 1st and 2nd order
material time derivatives with respect to the soil skeleton,
€vs is the 2nd derivative of the velocity of the soil skeleton,
that is called the jerk term, subscript “s” means the
variables of the soil skeleton, ρ is the density of the
saturated soil, ρ¼ ð1nÞρsþnρf with n, ρs and ρf being
the porosity, the real density of soil particle and the pore
water, respectively, _vs is the acceleration of the soil
skeleton, b is a constant vector denoting the body force
vector per unit mass, _St is the nominal stress rate of the
soil skeleton (Yatomi et al., 1989), Ls, Ds and T are the
velocity gradient tensor, the stretching tensor of the soil
skeleton and the Cauchy (total) stress, respectively, and
superscript “T” means transpose.(b) Effective stress and pore pressure
T ¼ T′uI ðA1 2Þ
T. Noda et al. / Soils and Foundations 53 (2013) 653–670 667T¼T′uI T′ is the Cauchy effective stress (tension:
positive), u is the pore water pressure (compression:
positive) and I is the identity tensor.(c) Linear rate-type constitutive equation of soil skeleton
For the constitutive equation, the SYS Cam–clay model
(Asaoka et al., 2002) is applied for the soil skeleton and
the following linear relationship between T′
3
and Ds is
obtained:
T′
3
¼ L½Ds;T′
3
¼ _T ′þT ′ΩsΩsT′ Ωs ¼ _RsRTs ðA1 3Þ
where T′
3
is the Cauchy effective stress rate tensor with
objectivity. In the calculation, Green–Nagdhi's (Green and
Naghdi, 1965) Cauchy effective stress rate tensor has been
used. Ωs and Rs are the material spin tensor and the
rotational tensor of the soil skeleton, respectively.(d) Continuity equation for saturated soil (geometric con-
straints between pore water and soil skeleton)
div vsþdivfnðvfvsÞg ¼ 0 ðA1 4Þ
Here, n(vfvs) denotes the average ﬂow velocity of the pore
water. The continuity equation acts as the geometric con-
straint for the soil skeleton and the pore water in the saturated
soil, namely, the volume change rate of the soil skeleton in
the saturated soil will be the amount of discharge of pore
water from and into the saturated soil per unit time.(e) Average ﬂow velocity equation for pore water (Darcy's
Law considering the inertial term)
According to the interaction force between the soil
skeleton and the pore water (Nishimura, 1999), the average
ﬂow velocity of the pore water is obtained:
nðvfvsÞ ¼ k
γw
ðgrad uρf bÞ ρ
f k
γw
_vs ðA1 5Þ
in which k is the permeability coefﬁcient, γw ¼ ρf g is the
weight per unit volume of the water and g is the gravity
acceleration (that is, the Euclidian norm of body force
vector b in Eq. (A1-1)), u and _vs are the pore water
pressure and the acceleration of the soil skeleton, respec-
tively. Here, _vsc _vf_vs is used. Note that the acceleration
is included in the average ﬂow velocity equation and in the
case of quasi-static problems, this term will disappear and
Eq. (A1-5) will become the well-known Darcy's Law.(f) Compatibility condition
Ls ¼
∂vs
∂x
ðA1 6Þ
in which vs and x are the velocity of the soil skeleton and
the current position vector of the material point X of the
soil skeleton, respectively.(g) Boundary conditions
The types of boundary conditions for saturated soil are
traction (rate) boundary conditions related to stress and stress
rates, geometrical boundary conditions related to displace-
ment, velocity or acceleration and hydraulic boundary con-
ditions related to the total head of water and the discharge
volume of pore water. These can be written as
Γ ¼ Γ vþΓ t ¼ ΓqþΓh ðA1 7Þwhere Γv is the geometrical boundary of the saturated soil, Γt
is the traction (rate) boundary, Γq is the discharge boundary
of the pore water and Γh (or Γu) is the boundary related to the
total head (or pore water pressure).
Since traction vector t is given by t¼cn(c is a constant and
n is the outward normal vector of the boundary), the rate-type
of boundary condition for Γt becomes
_stda¼ ðtdaÞd ¼ cðndaÞd ¼ cfðtrDsÞILTs gnda on Γ t
ðA1 8Þ
With respect to the hydraulic boundary condition, the
discharge q per unit area
q¼ nðvfvsÞUn¼ 0 on Γq ðA1 9Þ
is given for an undrained boundary. Note that the average
ﬂow velocity n(vfvs), as shown in Eq. (A1-5), includes the
acceleration. Therefore, it is necessary to take the acceleration
into consideration for the undrained boundary condition. For
a drained boundary,
h¼ h on Γh or u¼ u on Γu ðA1 10Þ
is presented, where h or u denotes the prescribed total water
head on Γh or the prescribed pore pressure on Γu.(h) Weak form of rate-type equation of motion for
application of FEM
The weak form of Eq. (A1-1) is expressed asZ
v
δvs Uρ€vsdvþ
Z
v
fT′
3
UδDsþðtrDsÞT UδLsTLTs UδLsgdv
þ
Z
v
δvs Uρf ðtrDsÞð_vsbÞdv
Z
v
_uðtrδDsÞdv
¼
Z
a
δvs U _stda
Z
v
δDs U ðΩsΤ′Τ′ΩsÞdv ðA1 11Þ
in which δvs is the virtual velocity of the soil skeleton
satisfying the necessary boundary conditions, while δLs and
δDs are the consequent virtual velocity gradient and virtual
stretching, respectively. The ﬁrst integrand part on the left side
of Eq. (A1-11) yields the globe mass matrix The M of the soil
skeleton and the second and third parts yield the global
stiffness matrix K of the soil skeleton in the ﬁnite element
discretization. The coupling equations, Eqs. (A1-4) and (A1-5),
are discretized based on the extended physical model by
Christian (1990) and Akai and Tamura (1978). Details about
the ﬁnite discretization can be seen in Noda et al. (2008). In
addition, b¼0 here because the gravity force is disregarded.Appendix 2. Super/Subloading Yield Surface (SYS)
Cam–clay model
The quantiﬁed expression of structure, overconsolidation,
anisotropy, and their respective evolution rules
Naturally deposited soils, whether clayey or sandy, gener-
ally exist in a ‘structured' and overconsolidated state. To
describe the deformation behavior of a soil in this state, we
have to start from the base of an elasto-plastic model of a
Fig. A2. Three loading surfaces.
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a soil in this unstructured and normally consolidated state still
possesses anisotropy, we take for our ‘base’ in this paper the
Modiﬁed Cam–clay model (Roscoe and Burland, 1968) with
the introduced addition of the rotational hardening concept of
Sekiguchi and Ohta (1977), which treats stress parameter ηn
and its evolution rule as an expression of anisotropy. The
degrees of structure and overconsolidation are then introduced
and quantiﬁed by means of the two concepts of the super-
loading surface for the structure (Asaoka et al., 1998a, 2000,
2002), and the subloading surface for overconsolidation
(Hashiguchi, 1978, 1989; Asaoka et al., 1997). That is to
say, the degree of the structure is expressed by means of a
superloading surface situated on the outside of the Cam–clay
normal-yield surface and similar to it (the center of similarity
being the origin p′=q=0 and the similarity rate being given by
Rn (0oRnr1), while the overconsolidation state is expressed
by means of a subloading surface situated on the inside of the
superloading surface and again similar to it (center of
similarity p′=q=0, similarity rate R (0oRr1); reciprocal 1/
R is the overconsolidation ratio). The closer Rn is to 0, the
higher the degree of the structure, but with the loss of the
structure that accompanies progressive plastic deformation Rn
will approach 1 (evolution rule for Rn). Similarly, the closer
R is to 0, the more overconsolidated the state of the soil, but as
R increases toward 1 with plastic deformation, the state of the
soil will also approach normal consolidation (evolution rule for
R). It can be assumed, therefore, that the decay of the structure
with progressive plastic deformation brings a simultaneous
loss from overconsolidation (a transition to the normally
consolidated state), resulting ﬁnally in conditions that match
those in the Cam–clay model. The relative positions of the
three loading surfaces, assuming conditions of axial symmetry,
are as shown in Fig. A2.
If we start from the modiﬁed Cam–clay as our base, given
that the current effective stress exists on the subloading surface
shown below, we need to adapt relations to the subloading
surface through the application of various elasto-plastic
principles, such as the associated ﬂow rule and Prager's
consistency condition.
The subloading surface
MD ln
p′
~p′0
þMD ln M
2þηn2
M2
þMD ln RnMD ln R
þ
Z t
0
JtrDpdτ¼ f ðp′; ηnÞþMD ln R
n
R
þ
Z t
0
JtrDpdτ¼ 0: ðA2 1Þ
Here, D¼ ð~λ~κÞ=M=ð1þe0Þ is the dilatancy coefﬁcient, and
M, ~λ, ~κ and e0 are the critical state constant, the compression
index, the swelling index and the initial void ratio.
J ¼ ð1þeÞ=ð1þe0Þ (e is the void ratio at time t¼ t).
 R t0 JtrDpdτ corresponds to plastic volumetric strain ηn, the
expression of anisotropy, and is obtained using rotational
hardening variable β from calculations ηn ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3=2η^ U η^
p
;η^ ¼ ηβ and η¼ S=p′. β¼0 expresses a state of no aniso-
tropy. In the present paper, the evolution rules for Rn, R and β
are given by the following equations:
_R
n ¼ J cs
ﬃﬃﬃ
2
3
r
JDps Jþð1csÞðtrDpÞ
( )
Un;
Un ¼ a
D
Rnbð1RnÞc ðA2 2Þ
_R ¼ JU JDp J ;U ¼m
D
ln R ðA2 3Þ
β
3 ¼ J br
D
ﬃﬃﬃ
2
3
r
JDps J J η^ J mb
η^
J η^ J
β
 
ðA2 4Þ
where Dp is the plastic stretching tensor, Dps is the deviator
component of Dpand J J represents its norms. cs is a material
constant that represents the ratio of plastic shear deformation to
plastic compression deformation (0ocsr1). β
3
in Eq. (A2-4)
is Green and Naghdi (1965) rate of β. The parameter groups
for the evolution rules in Eqs. (A(2-2)–A2-4) all consist of
constants; from their respective functions, we may call a, b and
c the degradation indices of the structure, m the degradation
index of overconsolidation, br the rotational hardening index
and mb the rotational hardening limit constant.
Appendix 3. Determination of deviator stress q in apparent
behavior
For deviator stress q in the apparent behavior, when the soil
specimen is regarded as one single mass, it is calculated as
q¼ F
A
u ðA3 1Þ
where u is the mean value of the pore water pressure in the
center of each element located at the top end by taking the
volume of each element as a weight coefﬁcient, F and A are
reaction forces determined by the sum of the vertical equiva-
lent nodal force {feq} at the top end and the current area
calculated by axial strain εa and initial area A0, respectively. In
the analysis code, the equivalent nodal force {feq} is given as
ff eqg ¼
Z
a
½NTftgda¼
Z
v
½BTfTgdv

Z
v
ρ½NTðfbg½Nf_vgÞdv ðA3 2Þ
T. Noda et al. / Soils and Foundations 53 (2013) 653–670 669where [N] and [B] are the matrix transforming the nodal
velocity to the velocity of the arbitrary position within one
element and the matrix transforming the nodal velocity to
strain within one element, respectively, {t}, {T}, {b} and f_vg
are the components of the traction force vector, the Cauchy
total stress tensor, the body force vector per unit mass and the
acceleration vector of the soil skeleton written in the form of a
column vector, respectively, ρ is the density of the saturated
soil. In this paper, {b}¼{0}.
As for the current area A, its calculation is based on the
constant-volume condition or the constant-area condition for
the 3D or the 2D condition. For the plane strain condition in
this paper, assuming that the initial area at the top is A0 and
that the initial height is H0, if the current axial strain is εa,
according to the constant-area condition A0 H0¼A H0 
(1εa), then
A¼ A0
1εa
ðA3 3Þ
the treatment of which is called “area compensation”. If no
“area compensation” is employed, initial area A0 is adopted all
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